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It was recently pointed out that in some inflationary models quantum loops containing a scalar of massm
that couples to the inflaton can be the dominant source of primordial non-Gaussianities. We explore this
phenomenon in the simplest such model focusing on the behavior of the primordial curvature fluctuations
for small m=H. Explicit calculations are done for the three- and four-point curvature fluctuation
correlations. Constraints on the parameters of the model from the cosmic microwave background limits
on primordial non-Gaussianity are discussed. The bispectrum in the squeezed limit and the trispectrum in
the compressed limit are examined. The form of the n-point correlations as any partial sum of wave vectors
gets small is determined.
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I. INTRODUCTION
An inflationary era in the early Universe is a popular
possibility for the solution of the horizon and flatness
problems [1]. It also provides an elegant mechanism to
generate primordial density perturbations that, in the early
Universe, have wavelengths well outside the horizon. In the
most simple inflationary cosmology where only a single
inflaton field with a standard kinetic term plays a role, the
density perturbations are almost Gaussian and any non-
Gaussianities will be unobservable for the foreseeable
future [2].
The inflationary era occurs in the early Universe when
the energy density is (temporarily) dominated by vacuum
energy, resulting in a scale factor that expands exponen-
tially with time. This exponential expansion inflates the
size of regions that were in causal contact to enormous size,
solving the horizon problem. It also exponentially increases
the physical wavelength of perturbations with fixed comov-
ing wavelength, causing the density perturbations that arise
from quantum fluctuations and are relevant for large-scale
structure and the cosmic microwave background radiation
(CMB) to have wavelengths that are well outside the
horizon when inflation ends. At the end of the inflationary
era the Universe reheats to a conventional radiation (or
matter) dominated universe.
Galaxies are biased objects, and as such the power
spectrum for fluctuations1 in their number density can be
enhanced, at low wave vectors, if there are non-Gaussian
primordial curvature correlations (generated in the infla-
tionary era) that are enhanced as a single wave vector
or partial sum of wave vectors go to zero [3–6]. For the
three- and four-point primordial curvature correlations the
dominant enhancements occur in the squeezed and com-
pressed limits, respectively.
These enhancements in the galaxy number density power
spectrum (and bispectrum [7]) at very small wave vectors
are sometimes called scale-dependent biases and have
been studied extensively in quasi-single field inflation
(QSFI [8]), which contains an additional scalar degree of
freedom s with mass m. They cannot arise from nonlinear
gravitational evolution [9].
In QSFI the primordial non-Gaussianity results from tree
diagrams in this theory. Recently, a model was constructed
where it is quantum loop diagrams in de Sitter space that
give rise to the non-Gaussian correlations that enhance the
galaxy number density power spectrum at small wave
vectors [10].
In this paper we follow up on this observation by
considering the simplest model where loop diagrams
dominate the non-Gaussianities. This model contains the
inflaton field and an additional massive scalar s with mass
m that we take to be small compared with the Hubble
constant during inflation. A Z2 symmetry in the system
forbids the tree-level contribution from s to the correlation
functions of the curvature perturbation. We compute thePublished by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
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1A similar phenomena happens for the galaxy number density
bispectrum.
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curvature three-point correlation (bispectrum) and four-
point correlation (trispectrum) for general wave vectors.
When all ratios of wave vectors are not unusually large
or small, the bispectrum and trispectrum have the same
form as local non-Gaussianity and τNL non-Gaussianity,
respectively.2 In the squeezed and compressed limits the
bispectrum and trispectrum have the familiar enhancements
that give rise to an enhanced galaxy power spectrum at low
wave vectors. We also discuss the form of the n-point
curvature fluctuations as the partial sum of wave vectors
goes to zero. We plot the enhancement of the two-point
power spectrum of the galactic halo distributions generated
by the quantum loops in this model using a simplified
threshold model [12] for the galaxy halo number density.
The rest of the paper is organized as follows. In Sec. II
we discuss the details of the model. In Sec. III we present
the general three- and four-point correlation functions of
the curvature perturbation. Details of the calculations are
relegated to the appendices. In Sec. IV we calculate the
constraints on the parameters of the model from CMB limits
on the primordial bispectrum and trispectrum [11,13]. In
contrast to most models, the constraint from the limit on the
trispectrum is stronger. We conclude in Sec. V.
II. THE MODEL
The model contains two scalar fields: the inflaton ϕ and
another scalar field s of mass m. We assume that the
inflation and s fields have a ϕ → −ϕ symmetry and s → −s
symmetry. We also assume a shift symmetry for ϕ that is
only broken by the inflation potential. Then, up to the
lowest-dimension term that contains interactions of ϕ with
s the Lagrangian can be written as
L ¼ 1
2
gμν∂μϕ∂νϕ

1þ s
2
2Λ2

− VðϕÞ
þ 1
2
gμν∂μs∂νs − 1
2
μ2s2; ð2:1Þ
where V is the potential of ϕ, which drives the slow-roll of
ϕ during inflation. During inflation ϕ has a background
value ϕ0ðtÞ that depends on time. Its magnitude relative
to H2 is fixed by the CMB temperature fluctuations to
be ϕ˙0=H2 ≃ 3.5 × 104.
This model has a fine-tuning. The physical s mass m is a
sum of two terms: one is the mass parameter μ from the s
potential, and the other is from the interaction above.
Explicitly,
m2 ¼ μ2 − ϕ˙
2
0
4Λ2
: ð2:2Þ
To get the enhancements we mentioned in the Introduction
we need m=H < 1, where H is the Hubble constant during
inflation. But to get observable non-Gaussianities we need
the second term in the equation above to be much greater
than H2 (hence the tuning). Finally, we assume that there
exists an inflaton potential that gives an acceptable region
in r-ns space and is flat enough thatm can be approximated
as a constant for the calculation of the non-Gaussianities
generated during inflation.
We proceed along the lines of the effective field theory
of inflation and work in the gauge where ϕðxÞ ¼ ϕ0ðtÞ
[14]. A Goldstone mode π, due to the breaking of the time-
translation symmetry, is introduced to describe the curva-
ture perturbation as follows:
gμν∂μϕ∂νϕ → g00ϕ˙20 → ϕ˙20gμν∂μðtþ π=ϕ˙0Þ∂νðtþ π=ϕ˙0Þ;
ð2:3Þ
where the evolution of ϕ˙0 is neglected and the relation
between π and the curvature perturbation ζ in this model
can be written as
ζ ¼ − H
ϕ˙0
π: ð2:4Þ
A three-point and a four-point interaction between π and s
are induced with
Lint ¼ −
1
2H3τ3
ϕ˙0
Λ2
∂π
∂τ s
2 þ 1
4H2τ2Λ2
ημν∂μπ∂νπs2; ð2:5Þ
where τ is the conformal time defined as τ ¼ −e−Ht=H and
ημν ¼ diagð1;−1;−1;−1Þ. Here we include the ﬃﬃﬃﬃﬃﬃ−gp factor
in the Lagrangian.
The mode expansions of π and s are defined as
πðx⃗; τÞ ¼
Z
d3k
ð2πÞ3
h
πkðτÞeik⃗·x⃗ak⃗ þ πkðτÞe−ik⃗·x⃗a†k⃗
i
;
sðx⃗; τÞ ¼
Z
d3k
ð2πÞ3
h
skðτÞeik⃗·x⃗bk⃗ þ skðτÞe−ik⃗·x⃗b†k⃗
i
; ð2:6Þ
½ak⃗; a†k⃗0  ¼ ½bk⃗; b
†
k⃗0
 ¼ ð2πÞ3δðk⃗ − k⃗0Þ: ð2:7Þ
The mode functions πk and sk satisfy the equations of
motion
∂
∂τ

1
H2τ2
∂πk
∂τ

þ k
2πk
H2τ2
¼ 0;
∂
∂τ

1
H2τ2
∂sk
∂τ

þ k
2sk
H2τ2
þ m
2sk
H4τ4
¼ 0; ð2:8Þ
and the Wronskian invariance
2A trispectrum with τNL non-Gaussianity satisfies Eq. (21) of
Ref. [11] with gNL ¼ 0.
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πk
Hτ
d
dτ
πk
Hτ
−
πk
Hτ
d
dτ
πk
Hτ
¼ sk
Hτ
d
dτ
sk
Hτ
−
sk
Hτ
d
dτ
sk
Hτ
¼ i: ð2:9Þ
We require that for kjτj ≪ 1 the canonical fields πk=Hτ
and sk=Hτ go like e−ikτ, which implies that the mode
functions are
πk ¼
Hﬃﬃﬃﬃﬃ
2k
p

iτ þ 1
k

e−ikτ ð2:10Þ
and
sk ¼
Hð−kτÞ3=2π1=2
2k3=2
Hð2Þα ðkτÞ; ð2:11Þ
where
α ¼

9
4
−
m2
H2

1=2
; ð2:12Þ
and Hð2Þα is the second Hankel function with index α. We
assume that the state of the Universe during inflation is the
vacuum state j0i, defined as
ak⃗j0i ¼ bk⃗j0i ¼ 0; h0j0i ¼ 1: ð2:13Þ
This vacuum state is usually called the Bunch-Davies
vacuum [15].
Throughout this paper we focus on the region where
m2=H2 is small compared with unity. For jkτj ≪ 1,
skðηÞ ¼
Hπ1=2
2k3=2
ð−kτÞνa0; ð2:14Þ
where
ν ¼ 3=2 − α ≃m2=ð3H2Þ ð2:15Þ
and
a0 ¼ i
23=2−νΓð3=2 − νÞ
π
≃
21=2i
π1=2
: ð2:16Þ
We are interested in the multipoint correlation functions
of the curvature perturbation far outside the horizon (τ ≃ 0),
so we need to evaluate hζðx⃗1; 0Þ    ζðx⃗n; 0Þi. This can be
calculated using [16]
hOð0Þi ¼
X
N
iN
Z
0
−∞
dτN
Z
τN
−∞
dτN−1   
×
Z
τ2
−∞
dτ1h½HIintðτ1Þ; ½HIintðτ1Þ;   
×HIintðτNÞ;OIð0Þ   i; ð2:17Þ
where the superscript I stands for the interaction picture.
III. GENERAL FORM OF THE THREE- AND
FOUR-POINT CORRELATION FUNCTIONS OF ζ
A. Three-point correlation function
There are two diagrams generating one-loop contribu-
tions to the three-point function of π, which are shown in
Fig. 1. We will show that with the saturation of the current
limits of fNL and τNL the contribution from Fig. 1(a) is
much larger than that from Fig. 1(b). The calculation of the
resulting bispectrum is performed in Appendix A, and we
find that for m=H ≪ 1
Bζðk⃗1; k⃗2; k⃗3Þ ¼
πja0j6H6
128Λ6
1
ð2νÞ4 ×

maxðk1; k3Þ−2νk−2νmax
k3−2ν1 k
3−2ν
3
þmaxðk2; k3Þ
−2νk−2νmax
k3−2ν2 k
3−2ν
3
þmaxðk1; k2Þ
−2νk−2νmax
k3−2ν1 k
3−2ν
2

: ð3:1Þ
This is the general leading-order expression for the bispec-
trum of ζ.
The factor ðki=kjÞν ≃ 1þ ν lnðki=kjÞ þ   , so such
factors can be set to unity when all of the ratios of the
k’s are not very small or large. Then,
Bζðk⃗1; k⃗2; k⃗3Þ ≃
πja0j6H6
128Λ6
1
ð2νÞ4 ×

1
k31k
3
3
þ 1
k32k
3
3
þ 1
k31k
3
2

:
ð3:2Þ
This is the form that the bispectrum has in local non-
Gaussianity.
(a) (b)
FIG. 1. One-loop diagrams for three-point functions of π.
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Next we consider the squeezed region where
k≡ k1 ≃ k2 ≫ k3 ≡ q. It is easy to see that in this limit
the bispectrum goes to
Bζðk⃗1; k⃗2; k⃗3Þ ≃
πH6ja0j6
64Λ6
1
ð2νÞ4
1
k3þ2νq3−2ν
: ð3:3Þ
This differs from what one gets from local non-Gaussianity
by a factor of ðq=kÞ2ν.
B. Four-point correlation function
There are three Feynman diagrams contributing to the
one-loop four-point function of ζ, which are shown in
Fig. 2. We will show that with the saturation of the current
limits of fNL and τNL the contribution from Fig. 2(a)
dominates. In Appendix B we find that the contribution
from Fig. 2(a) is
Bζðk⃗1; k⃗2; k⃗3; k⃗4Þ ¼
π2H8ja0j8
1024Λ8

1
2ν

5
×
min½maxðk1; k2; jk⃗1 þ k⃗2jÞ;maxðk3; k4; jk⃗3 þ k⃗4jÞ−2νmaxðk1;k2; k3; k4; jk⃗1 þ k⃗2jÞ−2ν
k31k
3
4jk⃗1 þ k⃗2j3−2νminðk1;k4; jk⃗1 þ k⃗2jÞ−2ν
þ perðk1;k2; k3;k4Þ: ð3:4Þ
Provided none of the ratios of the k’s or partial sums of
the k’s are anomalously large, this has the same form as τNL
(gNL ¼ 0) non-Gaussianity,
Bζðk⃗1; k⃗2; k⃗3; k⃗4Þ≃
π2H8ja0j8
1024Λ8

1
2ν

5
×

1
k31k
3
4jk⃗1 þ k⃗2j3
þ perðk1; k2; k3; k4Þ

:
ð3:5Þ
In the compressed region where k1 ≃ k2 ≫ jk⃗1 þ k⃗2j≡ q
and k3 ≃ k4 ≫ q, it simplifies to
Bðk⃗1; k⃗2; k⃗3; k⃗4Þ ≃
π2H8ja0j8
128Λ8

1
2ν

5 1
k3þ2ν1
1
k3þ2ν3
1
q3−4ν
:
ð3:6Þ
The scaling of the four-point curvature fluctuation in the
compressed limit (∼q−3þ4ν) can be read off from the scaling
dimension of the operator s2 since this determines the
form of its two-point correlation evaluated on the boundary
τ ¼ 0 of de Sitter space. [17].
IV. CMB CONSTRAINTS
In the previous section it was noted that for ν≪ 1, the
bispectrum of this model is the same as the local non-
Gaussianity model (for typical wave vectors). Therefore,
we can use the observed limit of flocalNL from the CMB
observations of the non-Gaussianity to estimate the con-
straint on this model. In the limit where the bispectrum
reduces to local non-Gaussianity,
flocalNL ¼
5
6

Bζðk1; k2; k3Þ
Pζðk1ÞPζðk2ÞþPζðk1ÞPζðk3ÞþPζðk2ÞPζðk3Þ

≃
5
6
1
29π3

H
Λ

6
ja0j6ðΔ2ζÞ−2

1
2ν

4
; ð4:1Þ
where
Δ2ζ ≡ 1ð2πÞ2
H4
ϕ˙20
≃ 2.14 × 10−9: ð4:2Þ
The 2σ constraint [13] on flocalNL is about jflocalNL j < 10.
Therefore, we have
H
Λ

1
2ν

2=3
< 0.012: ð4:3Þ
(a) (b) (c)
FIG. 2. One-loop diagrams for four-point functions of π.
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Similarly, the trispectrum τNL can be estimated as
τNL ≃
H8ja0j8
4096π4Λ8

1
2ν

5
ðΔ2ζÞ−3: ð4:4Þ
The constraint on τNL from the Planck observations of the
CMB spectrum [11] is
τNL < 2800; ð4:5Þ
which implies that
H
Λ

1
2ν

5=8
< 0.0095: ð4:6Þ
We can use these constraints to estimate the importance
of Fig. 2(b) in comparison with Fig. 2(a) for the four-point
correlation. It is straightforward to see that
diagram 2ðaÞ
diagram 2ðbÞ ∼
ϕ˙20
H4
H2
Λ2
1
ν
: ð4:7Þ
Treating Eq. (4.6) as an equality, this becomes
diagram 2ðaÞ
diagram 2ðbÞ ∼ 10
−4 ϕ˙
2
0
H4
ν1=4; ð4:8Þ
which is much larger than unity unless ν is exceptionally
small.3 Similar conclusions hold for Fig. 2(c) and for other
correlation functions.
The constraints from flocalNL and τNL are shown in Fig. 3,
where one can see that the constraint from τNL is always
stronger. This result is in contrast to many other models,
where the constraint from fNL is stronger. The main reason
is the following. In the models where there are tree-level
contributions to non-Gaussianity, fNL is usually propor-
tional to a single power of the small coupling of the new
interaction and τNL is proportional to the square of it,
whereas in this model fNL is proportional to the third power
of the coupling and τNL is proportional to the fourth power
of it. Therefore, in this model τNL is relatively more
important.
Since there is some small-time dependence in ϕ˙0,
Eq. (2.2) implies that the s mass depends on time,
d lnm2
Hdt
≃
1
24π2Δ2ζ

H2
Λ2

η
ν
: ð4:9Þ
The slow-roll parameter η must be small enough so that
this time dependence can be neglected in our computa-
tions. Indeed, our computations of the leading contribu-
tions in the three- and four-point correlation functions in
Eqs. (3.2) and (3.6) are based on the infrared enhance-
ment of the integral
Z
0
−1
dðkτÞ
ð−ðkτÞÞ1−ν ¼
1
ν
: ð4:10Þ
The main support of this integral is in the region
kτ ∈ ð−1;−e−1=νÞ. The change of m2 in this region can
be estimated as
Δ ln ðm2=H2Þ ≈ 1
24π2Δ2ζ

H2
Λ2

η
ν2
: ð4:11Þ
For the model to be perturbative, we usually require
ϕ˙0=Λ2 ≪ 1 since this is the effective coupling of π˙ to two
s fields. Together with Eq. (4.2), this implies that
Δ ln ðm2=H2Þ ≪ 1
6
jηj
ν2
: ð4:12Þ
Combining this with the requirement of perturbativity, the
conservative requirement of η can be written as
jηj≲ ν2: ð4:13Þ
Similarly, the validity of our leading-order estimation
also requires H to not change much in the main support of
the integral in Eq. (4.10), which results in
ΔHH
 ≈ ϵν−1 ≪ 1; ð4:14Þ
0.0 0.1 0.2 0.3 0.4 0.5
0.000
0.001
0.002
0.003
0.004
0.005
m H
H
FIG. 3. The dashed and solid curves show the upper limits on
H=Λ as a function of m=H from fNL and τNL.
3Although we have only calculated our results to leading order
in 1=ν, ν ∼ 0.1 should be small enough for these results to be a
reasonable approximation.
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where ϵ≡ −H˙=H2 is the first slow-roll parameter meas-
uring the change of the Hubble parameter during inflation.
Then the requirement for our estimates to be valid is
ϵ≪ ν: ð4:15Þ
If the change of ν cannot be neglected, the integral in
Eq. (4.10) can be estimated as
Z
0
−1
dðkτÞ
ð−ðkτÞÞ1−νðτÞ ; ð4:16Þ
and if the result is much larger than unity, we can still use
the leading-order approximation but in the τ integrals we
need to take into account the τ dependence in H, m, and ν.
In Appendix C we calculate the one-loop correction to
Δ2ζ and find that
δΔ2ζ ¼
H4ja0j4
512π2ν3Λ4
: ð4:17Þ
The constraints from τNL and fNL are
δΔ2ζ <min

6× 10−12 ×

1
2ν

1=2
;1.3× 10−11 ×

1
2ν

1=3
	
;
ð4:18Þ
which are much smaller than the observed value given in
Eq. (4.2) unless ν is exceptionally small (see footnote 3). So
the two-point correlation is dominated by the tree-level
result.
V. CONCLUDING REMARKS
We have examined the primordial curvature perturbations
in an inflationary cosmology where the inflaton ϕ couples to
an additional scalar field s with mass m≪ H through the
nonrenormalizable interaction gμν∂μϕ∂νϕs2=4Λ2. In this
model primordial non-Gaussianities arise from quantum
loop diagrams (with a virtual s in the loop) in de Sitter
space. The primordial curvature fluctuation bispectrum and
trispectrum in this model were computed. Typically, they
have the form of local non-Gaussianity and τNL non-
Gaussianity, respectively, although in squeezed and com-
pressed limits there are deviations from those forms.
Given the work in this paper, it is not difficult to deduce
the form of the n > 4 curvature perturbations. In the
situation where all of the wave vectors and their partial
sums are of order k,
Bζðk⃗1;…; k⃗nÞ ∼

H
Λ

2n

1
2ν

nþ1 1
k3n−3
; ð5:1Þ
and in the limit where a single partial sum of wave vectors
jk⃗1 þ    þ k⃗jj ¼ q≪ k it becomes
Bζðk⃗1;…; k⃗nÞ ∼

H
Λ

2n

1
2ν

nþ1 1
k3n−6þ4ν
1
q3−4ν
: ð5:2Þ
In this model, due to the IR behavior of the compressed
trispectrum (3.6), the long-distance behavior of the power
spectrum for fluctuations in the galaxy number density is
enhanced by a factor of q4−4ν compared to the Harrison-
Zel’dovich spectrum (which goes, apart from a small tilt, as
q). Following the same procedure as described in
Refs. [7,10] we estimate this power spectrum, and its ratio
with the leading Harrison-Zel’dovich contribution is shown
in Fig. 4 using the curvature bispectrum and trispectrum
calculated in this paper. One can see that if the current
constraint from τNL is saturated, the power spectrum of
the galactic halo distribution can differ significantly from
the Harrison-Zel’dovich spectrum at q ∼ h=ð250ðMpcÞÞ.
These deviations from what Gaussian primordial fluctua-
tions would give can become very large on scales
around 500 h−1 Mpc.
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APPENDIX A: THE BISPECTRUM
The contribution from Fig. 1(a) can be written as
AðaÞ3 ðx⃗1; x⃗2; x⃗3Þ≡ hζðx⃗1; 0Þζðx⃗1; 0Þζðx⃗3; 0ÞiðaÞ
¼ i
8Λ6H6
Z
0
−∞
dτ3
τ33
Z
τ3
−∞
dτ2
τ32
Z
τ2
−∞
dτ1
τ31
Z
d3y1d3y2d3y3
× h½π0ðτ1; y⃗1Þs2ðτ1; y⃗1Þ; ½π0ðτ2; y⃗2Þs2ðτ2; y⃗2Þ; ½π0ðτ3; y⃗3Þs2ðτ3; y⃗3Þ; πð0; x⃗1Þπð0; x⃗2Þπð0; x⃗3Þi: ðA1Þ
Here a 0 denotes a derivative with respect to the conformal time τ. The calculation can be done step by step (from inside to
outside of the commutation relations) in the following way:
½π0ðτ3; y⃗3Þs2ðτ3; y⃗3Þ; πð0; x⃗1Þπð0; x⃗2Þπð0; x⃗3Þ ¼ ½π0ðτ3; y⃗3Þ; πð0; x⃗1Þs2ðτ3; y⃗3Þπð0; x⃗2Þπð0; x⃗3Þ þ ðx1 ↔ x2Þ þ ðx1 ↔ x3Þ:
ðA2Þ
Note that ½π0ðτ3; y⃗3Þ; πð0; x⃗1Þ is
½π0ðτ3; y⃗3Þ; πð0; x⃗1Þ ¼ h½π0ðτ3; y⃗3Þ; πð0; x⃗1Þi ¼ 2iImhπ0ðτ3; y⃗3Þπð0; x⃗1Þi: ðA3Þ
Therefore, we have
½π0ðτ2; y⃗2Þs2ðτ2; y⃗2Þ; ½π0ðτ3; y⃗3Þs2ðτ3; y⃗3Þ; πð0; x⃗1Þπð0; x⃗2Þπð0; x⃗3Þ
¼ 2iImhπ0ðτ3; y⃗3Þπð0; x⃗1Þi½π0ðτ2; y⃗2Þs2ðτ2; y⃗2Þ; s2ðτ3; y⃗3Þπð0; x⃗2Þπð0; x⃗3Þ: ðA4Þ
From the structure of Fig. 1(a) we find that one s at ðτ2; y⃗2Þ should contract with one s at ðτ3; y⃗3Þ, and the other s’s should
contract with the s2 at ðτ1; y⃗1Þ. Therefore, we have
½π0ðτ2; y⃗2Þs2ðτ2; y⃗2Þ; s2ðτ3; y⃗3Þπð0; x⃗2Þπð0; x⃗3ÞFig.1ðaÞ
¼ 4h½π0ðτ2; y⃗2Þsðτ2; y⃗2Þ; sðτ3; y⃗3Þπð0; x⃗2Þisðτ2; y⃗2Þsðτ3; y⃗3Þπð0; x⃗3Þ þ ðx2 ↔ x3Þ
¼ 8iIm½hπ0ðτ2; y⃗2Þπð0; x⃗2Þihsðτ2; y⃗2Þsðτ3; y⃗3Þisðτ2; y⃗2Þsðτ3; y⃗3Þπð0; x⃗3Þ þ ðx2 ↔ x3Þ: ðA5Þ
Therefore, we have for the contribution from Fig. 1(a)
h½π0ðτ1; y⃗1Þs2ðτ1; y⃗1Þ; ½π0ðτ2; y⃗2Þs2ðτ2; y⃗2Þ; ½π0ðτ3; y⃗3Þs2ðτ3; y⃗3Þ; πð0; x⃗1Þπð0; x⃗2Þπð0; x⃗3Þi
¼ −16Imhπ0ðτ3; y⃗3Þπð0; x⃗1ÞiIm½hπ0ðτ2; y⃗2Þπð0; x⃗2Þihsðτ2; y⃗2Þsðτ3; y⃗3Þi
× h½π0ðτ1; y⃗1Þs2ðτ1; y⃗1Þ; sðτ2; y⃗2Þsðτ3; y⃗3Þπð0; x⃗3Þi þ perðx1; x2; x3Þ
¼ −64iImhπ0ðτ3; y⃗3Þπð0; x⃗1ÞiIm½hπ0ðτ2; y⃗2Þπð0; x⃗2Þihsðτ2; y⃗2Þsðτ3; y⃗3Þi
× Im½hπ0ðτ1; y⃗1Þπð0; x⃗3Þihsðτ1; y⃗1Þsðτ2; y⃗2Þihsðτ1; y⃗1Þsðτ3; y⃗3Þi þ perðx1; x2; x3Þ: ðA6Þ
Now we take the second factor as an example,
Im½hπ0ðτ2; y⃗2Þπð0; x⃗2Þihsðτ2; y⃗2Þsðτ3; y⃗3Þi ¼
Z
d3p
ð2πÞ3
d3q
ð2πÞ3 Im
h
π0pðτ2Þπpð0Þeip⃗·ðy⃗2−x⃗2Þsqðτ2Þsqðτ3Þeiq⃗·ðy⃗2−y⃗3Þ
i
: ðA7Þ
Since the mode functions πp and sq are even functions of p⃗ and q⃗we can move the exponentials outside. Therefore, we have
Im½hπ0ðτ2; y⃗2Þπð0; x⃗2Þihsðτ2; y⃗2Þsðτ3; y⃗3Þi ¼
Z
d3p
ð2πÞ3
d3q
ð2πÞ3 e
ip⃗·ðy⃗2−x⃗2Þþiq⃗·ðy⃗2−y⃗3ÞIm½π0pðτ2Þπpð0Þsqðτ2Þsqðτ3Þ: ðA8Þ
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Therefore, we have
AðaÞ3 ðx⃗1; x⃗2; x⃗3Þ ¼
8
Λ6H6
Z
0
−∞
dτ3
τ33
Z
τ3
−∞
dτ2
τ32
Z
τ2
−∞
dτ1
τ31
Z
d3k1
ð2πÞ3
d3k2
ð2πÞ3
d3k3
ð2πÞ3 ð2πÞ
3δ3ðk⃗1 þ k⃗2 þ k⃗3Þeiðk⃗1·x1þk⃗2·x2þk⃗3·x3Þ
×
Z
d3p
ð2πÞ3 × Im½π
0
k1
ðτ3Þπk1ð0ÞIm½π0k2ðτ2Þπk2ð0Þsjp⃗þk⃗1jðτ2Þsjp⃗þk⃗1jðτ3Þ
× Im½π0k3ðτ1Þπk3ð0Þsjp⃗−k⃗3jðτ1Þsjp⃗−k⃗3jðτ2Þspðτ1Þs

pðτ3Þ þ perðx1; x2; x3Þ: ðA9Þ
The corresponding part of the bispectrum of ζ, BðaÞζ ðk⃗1; k⃗2; k⃗3Þ, is defined as
AðaÞ3 ðx⃗1; x⃗2; x⃗3Þ ¼
Z
d3k1
ð2πÞ3
d3k2
ð2πÞ3
d3k3
ð2πÞ3 e
iðk⃗1·x⃗1þk⃗2·x⃗2þk⃗3·x⃗3Þð2πÞ3δ3ðk⃗1 þ k⃗2 þ k⃗3ÞBðaÞζ ðk⃗1; k⃗2; k⃗3Þ; ðA10Þ
and from Eq. (A9) it is easy to see that
BðaÞζ ðk⃗1; k⃗2; k⃗3Þ ¼
8
Λ6H6
Z
0
−∞
dτ3
τ33
Z
τ3
−∞
dτ2
τ32
Z
τ2
−∞
dτ1
τ31
Z
d3p
ð2πÞ3 Im½π
0
k1
ðτ3Þπk1ð0ÞIm½π0k2ðτ2Þπk2ð0Þsjp⃗þk⃗1jðτ2Þsjp⃗þk⃗1jðτ3Þ
× Im½π0k3ðτ1Þπk3ð0Þsjp⃗−k⃗3jðτ1Þsjp⃗−k⃗3jðτ2Þspðτ1Þs

pðτ3Þ þ perðk1; k2; k3Þ: ðA11Þ
In the limit of a massless s one can show that all of the τi integrals experience IR divergences. This tells us that in the
region where m=H ≪ 1 the IR contribution dominates the τi integrals. Therefore, we can capture the main contribution by
Laurent expanding the integrand and calculating the contributions from the leading term.
The Hankel function Hð2Þα ðkτÞ in general can be expanded into two series,
Hð2Þα ðkτÞ ¼
X∞
n¼0
anð−kτÞ−αþn þ
X∞
n¼0
bnð−kτÞ2αþn: ðA12Þ
The important property is that the coefficients in each series share the same phase. Then, after some straightforward
calculations the leading contribution of the bispectrum of ζ can be written as
BðaÞζ ðk⃗1; k⃗2; k⃗3Þ ≃
π3H6ja0j6
64Λ6
Z
d3p
ð2πÞ3
Z
0
−Λ3
dτ3
ð−τ3Þ1−2ν
Z
τ3
−Λ2
dτ2
ð−τ2Þ1−2ν
Z
τ2
−Λ1
dτ1
ð−τ1Þ1−2ν
×
1
jp⃗þ k⃗1j3−2νjp⃗ − k⃗3j3−2νp3−2ν
þ perðk1; k2; k3Þ: ðA13Þ
The UV cutoff of each τi integral is determined by the point where the integrant starts to oscillate,
Λ1 ¼ minðk−13 ; jp⃗ − k⃗3j−1; p−1Þ; Λ2 ¼ minðk−12 ; jp⃗þ k⃗1j−1; jp⃗ − k⃗3j−1Þ; Λ3 ¼ minðk−11 ; jp⃗þ k⃗1j−1; p−1Þ: ðA14Þ
Now we can evaluate the τi integrals explicitly, and we have
BðaÞζ ðk⃗1; k⃗2; k⃗3Þ ¼
π3H6ja0j6
64Λ6
1
ð2νÞ3
Z
d3p
ð2πÞ3
I3ðΛ1;Λ2;Λ3Þ
jp⃗þ k⃗1j3−2νjp⃗ − k⃗3j3−2νp3−2ν
þ perðk1; k2; k3Þ; ðA15Þ
where
I3ðΛ1;Λ2;Λ3Þ ¼ ðΛ1Λ12Λ123Þ2ν −
1
2
Λ4ν12Λ2ν123 −
1
2
Λ2ν1 Λ4ν123 þ
1
6
Λ6ν123 ðA16Þ
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and
Λ12 ¼ min½Λ1;Λ2 ¼ minðk−13 ; jp⃗ − k⃗3j−1; p−1; k−12 ; jp⃗þ k⃗1j−1Þ;
Λ123 ¼ min½Λ1;Λ2;Λ3 ¼ minðk−13 ; jp⃗ − k⃗3j−1; p−1; k−12 ; jp⃗þ k⃗1j−1; k−11 Þ: ðA17Þ
The p integral is also controlled by the infrared contributions. One can see that the integrant of the p integral has
three branch points, and the integral is supported by the domain around these branch points. For example, for the
branch point at p ¼ 0, the integral is mainly supported in the region around p≲ ν × minðk1; k3Þ. Therefore, one can
see that the three regions are well separated. Therefore, the leading-order contribution of the integral can be
separated into three parts as
Z
d3p
ð2πÞ3
I3ðΛ1;Λ2;Λ3Þ
jp⃗þ k⃗1j3−2νjp⃗ − k⃗3j3−2νp3−2ν
≃
1
4π2ν

I3ðΛ1;Λ2;Λ3Þjp→0
k3−2ν1 k
3−2ν
3 minðk1; k3Þ−2ν
þ
I3ðΛ1;Λ2;Λ3Þjp⃗→−k⃗1
k3−2ν1 k
3−2ν
2 minðk1; k2Þ−2ν
þ
I3ðΛ1;Λ2;Λ3Þjp⃗→k⃗3
k3−2ν2 k
3−2ν
3 minðk2; k3Þ−2ν

¼ 1
4π2ν
 1
2
k−2ν3 k
−4ν
max − 13 k
−6ν
max
k3−2ν1 k
3−2ν
3 minðk1; k3Þ−2ν
þ
1
6
k−6νmax
k3−2ν1 k
3−2ν
2 minðk1; k2Þ−2ν
þ k
−2ν
3 maxðk2; k3Þ−2νk−2νmax − 12maxðk2; k3Þ−4νk−2νmax − 12 k−2ν3 k−4νmax þ 16 k−6νmax
k3−2ν2 k
3−2ν
3 minðk2; k3Þ−2ν

;
ðA18Þ
where kmax stands for maxðk1; k2; k3Þ.
With this permutation [and noting that the diagram in Fig. 1(a) is dominant], after straightforward calculations one can
show that the leading contribution to the bispectrum is
Bζðk⃗1; k⃗2; k⃗3Þ ¼
πja0j6H6
128Λ6
1
ð2νÞ4 ×

maxðk1; k3Þ−2νk−2νmax
k3−2ν1 k
3−2ν
3
þmaxðk2; k3Þ
−2νk−2νmax
k3−2ν2 k
3−2ν
3
þmaxðk1; k2Þ
−2νk−2νmax
k3−2ν1 k
3−2ν
2

: ðA19Þ
Equation (A19) gives the general leading-order expression for the bispectrum of ζ in the region where m=H ≪ 1.
APPENDIX B: THE TRISPECTRUM
There are in general three Feynman diagrams contributing to the one-loop four-point function of ζ, which are shown in
Fig. 2. Following Eq. (2.17), the contribution from Fig. 2(a) can be written as
AðaÞ4 ðx⃗1; x⃗2; x⃗3; x⃗4Þ≡ hζðx⃗1; 0Þζðx⃗1; 0Þζðx⃗3; 0Þζðx⃗4; 0ÞiðaÞ
¼ 1
16Λ8H8
Z
0
−∞
dτ4
τ34
Z
τ4
−∞
dτ3
τ33
Z
τ3
−∞
dτ2
τ32
Z
τ2
−∞
dτ1
τ31
Z
d3y1d3y2d3y3d3y4
× h½π0ðτ1; y⃗1Þs2ðτ1; y⃗1Þ; ½π0ðτ2; y⃗2Þs2ðτ2; y⃗2Þ; ½π0ðτ3; y⃗3Þs2ðτ3; y⃗3Þ; ½π0ðτ4; y⃗4Þs2ðτ4; y⃗4Þ;
× πð0; x⃗1Þπð0; x⃗2Þπð0; x⃗3Þπð0; x⃗4Þi: ðB1Þ
We follow a similar procedure and calculate the integrant from inside out,
S1 ≡ ½π0ðτ4; y⃗4Þs2ðτ4; y⃗4Þ; πð0; x⃗1Þπð0; x⃗2Þπð0; x⃗3Þπð0; x⃗4Þ
¼ 2iImhπ0ðτ4; y⃗4Þπð0; x⃗1Þis2ðτ4; y⃗4Þπð0; x⃗1Þπð0; x⃗2Þπð0; x⃗3Þ þ ðx1 ↔ x2Þ þ ðx1 ↔ x3Þ þ ðx1 ↔ x4Þ: ðB2Þ
From Fig. 2(a) we can see that there are two options when we calculate
S2 ≡ ½π0ðτ3; y⃗3Þs2ðτ3; y⃗3Þ;S1; ðB3Þ
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i.e., the position ðτ3; y⃗3Þ can be either next to or diagonal to the position ðτ4; y⃗4Þ. Therefore, the contribution from
Fig. 2(a) is
Sð1Þ2 ¼ 8iImhπ0ðτ4; y⃗4Þπð0; x⃗1Þi × ðh½π0ðτ3; y⃗3Þsðτ3; y⃗3Þ; πð0; x⃗2Þsðτ4; y⃗4Þisðτ3; y⃗3Þsðτ4; y⃗4Þπð0; x⃗3Þπð0; x⃗4Þ
þ ðx2 ↔ x3Þ þ ðx2 ↔ x4ÞÞ þ ðx1 ↔ x2Þ þ ðx1 ↔ x3Þ þ ðx1 ↔ x4Þ
¼ −16½Imhπ0ðτ4; y⃗4Þπð0; x⃗1ÞiImðhπ0ðτ3; y⃗3Þπð0; x⃗2Þihsðτ3; y⃗3Þsðτ4; y⃗4ÞiÞ
× sðτ3; y⃗3Þsðτ4; y⃗4Þπð0; x⃗3Þπð0; x⃗4Þ þ ðx2 ↔ x3Þ þ ðx2 ↔ x4Þ þ ðx1 ↔ x2Þ þ ðx1 ↔ x3Þ þ ðx1 ↔ x4Þ; ðB4Þ
Sð2Þ2 ¼ −4½Imhπ0ðτ4; y⃗4Þπð0; x⃗1ÞiImhπ0ðτ3; y⃗3Þπð0; x⃗2Þis2ðτ3; y⃗3Þs2ðτ4; y⃗4Þπð0; x⃗3Þπð0; x⃗4Þ
þ ðx2 ↔ x3Þ þ ðx2 ↔ x4Þ þ ðx1 ↔ x2Þ þ ðx1 ↔ x3Þ þ ðx1 ↔ x4Þ: ðB5Þ
Now we calculate
S3 ≡ ½π0ðτ2; y⃗2Þs2ðτ2; y⃗2Þ;S2: ðB6Þ
The calculation is straightforward,
Sð1Þ3 ¼ −64iImhπ0ðτ4; y⃗4Þπð0; x⃗1ÞiImðhπ0ðτ3; y⃗3Þπð0; x⃗2Þihsðτ3; y⃗3Þsðτ4; y⃗4ÞiÞ
× ½Imðhsðτ2; y⃗2Þsðτ3; y⃗3Þihπ0ðτ2; y⃗2Þπð0; x⃗3ÞiÞsðτ2; y⃗2Þsðτ4; y⃗4Þπð0; x⃗4Þ
þ Imðhsðτ2; y⃗2Þsðτ4; y⃗4Þihπ0ðτ2; y⃗2Þπð0; x⃗3ÞiÞsðτ2; y⃗2Þsðτ3; y⃗3Þπð0; x⃗4Þ þ perðx1; x2; x3; x4Þ; ðB7Þ
Sð2Þ3 ¼−64iImhπ0ðτ4; y⃗4Þπð0; x⃗1ÞiImhπ0ðτ3; y⃗3Þπð0; x⃗2Þi
×Imðhsðτ2; y⃗2Þsðτ3; y⃗3Þihsðτ2; y⃗2Þsðτ4; y⃗4Þihπ0ðτ2; y⃗2Þπð0; x⃗3ÞÞsðτ3; y⃗3Þsðτ4; y⃗4Þπð0; x⃗4Þþperðx1;x2;x3;x4Þ: ðB8Þ
Therefore, we have
S4≡ ½π0ðτ1; y⃗1Þs2ðτ1; y⃗1Þ;S3
¼ 256× ½Imhπ0ðτ4; y⃗4Þπð0; x⃗1ÞiImðhπ0ðτ3; y⃗3Þπð0; x⃗2Þihsðτ3; y⃗3Þsðτ4; y⃗4ÞiÞ× Imðhsðτ2; y⃗2Þsðτ3; y⃗3Þihπ0ðτ2; y⃗2Þπð0; x⃗3ÞiÞ
× Imðhsðτ1; y⃗1Þsðτ2; y⃗2Þihsðτ1; y⃗1Þsðτ4; y⃗4Þihπ0ðτ1; y⃗1Þπð0; x⃗4ÞÞ þ Imhπ0ðτ4; y⃗4Þπð0; x⃗1Þi
× Imðhπ0ðτ3; y⃗3Þπð0; x⃗2Þihsðτ3; y⃗3Þsðτ4; y⃗4ÞiÞ× Imðhsðτ2; y⃗2Þsðτ4; y⃗4Þihπ0ðτ2; y⃗2Þπð0; x⃗3ÞiÞ
× Imðhsðτ1; y⃗1Þsðτ2; y⃗2Þihsðτ1; y⃗1Þsðτ3; y⃗3Þihπ0ðτ1; y⃗1Þπð0; x⃗4ÞÞ þ Imhπ0ðτ4; y⃗4Þπð0; x⃗1ÞiImhπ0ðτ3; y⃗3Þπð0; x⃗2Þi
× Imðhsðτ2; y⃗2Þsðτ3; y⃗3Þihsðτ2; y⃗2Þsðτ4; y⃗4Þihπ0ðτ2; y⃗2Þπð0; x⃗3ÞÞ
× Imðhsðτ1; y⃗1Þsðτ3; y⃗3Þihsðτ1; y⃗1Þsðτ4; y⃗4Þihπ0ðτ1; y⃗1Þπð0; x⃗4ÞÞ þ perðx1; x2; x3; x4Þ: ðB9Þ
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Therefore, we have
AðaÞ4 ðx⃗1; x⃗2; x⃗3; x⃗4Þ ¼
16
Λ8H8
Z
0
−∞
dτ4
τ34
  
Z
τ2
−∞
dτ1
τ31
Z
d3k1
ð2πÞ3   
Z
d3k4
ð2πÞ3 ð2πÞ
4δ4ðk⃗1 þ k⃗2 þ k⃗3 þ k⃗4Þeiðk⃗1·x⃗1þþk⃗4·x⃗4Þ
×
Z
d3p
ð2πÞ3 fIm½π
0
k1
ðτ4Þπk1ð0ÞIm½π0k2ðτ3Þπk2ðτ3Þsjp⃗−k⃗1jðτ3Þsjp⃗−k⃗1jðτ4Þ
× Im½π0k3ðτ2Þπk3ð0Þsjp⃗−k⃗1−k⃗2jðτ2Þsjp⃗−k⃗1−k⃗2jðτ3ÞIm½πk4ðτ1Þπ

k4
ð0Þsjp⃗þk⃗4jðτ1Þsjp⃗þk⃗4jÞðτ2Þspðτ1Þs

pðτ4Þ
þ Im½π0k1ðτ4Þπk1ð0ÞIm½π0k2ðτ3Þπk2ðτ3Þsjp⃗−k⃗2jðτ3Þsjp⃗−k⃗2jðτ4Þ
× Im½π0k3ðτ2Þπk3ð0Þsjp⃗−k⃗1−k⃗2jðτ2Þsjp⃗−k⃗1−k⃗2jðτ4ÞIm½πk4ðτ1Þπ

k4
ð0Þsjp⃗þk⃗4jðτ1Þsjp⃗þk⃗4jÞðτ2Þspðτ1Þs

pðτ3Þ
þ Im½π0k1ðτ4Þπk1ð0ÞIm½π0k3ðτ2Þπk3ð0Þsjp⃗þk⃗2þk⃗4jðτ2Þsjp⃗þk⃗2þk⃗4jðτ3Þsjp⃗−k⃗1jðτ2Þs

jp⃗−k⃗1j
ðτ4Þ
× Im½π0k2ðτ3Þπk1ð0ÞIm½π0k4ðτ1Þπk4ð0Þsjp⃗þk⃗4jðτ1Þsjp⃗þk⃗4jðτ3Þspðτ1Þs

pðτ4Þg
þ perðx1; x2; x3; x4Þ: ðB10Þ
The trispectrum of ζ can be defined as
A4ðx⃗1; x⃗2; x⃗3; x⃗4Þ ¼
Z
d3k1
ð2πÞ3   
d3k4
ð2πÞ3 e
iðk⃗1·x⃗1þk⃗4·x⃗4Þð2πÞ3δ3ðk⃗1 þ    þ k⃗4ÞBζðk⃗1; k⃗2; k⃗3; k⃗4Þ: ðB11Þ
Therefore, noting that the diagram in Fig. 2(a) is dominant,
Bζðk⃗1; k⃗2; k⃗3; k⃗4Þ ¼
16
Λ8H8
Z
0
−∞
dτ4
τ34
  
Z
τ2
−∞
dτ1
τ31
d3p
ð2πÞ3
× fIm½π0k1ðτ4Þπk1ð0ÞIm½π0k2ðτ3Þπk2ð0Þsjp⃗−k⃗1jðτ3Þsjp⃗−k⃗1jðτ4Þ
× Im½π0k3ðτ2Þπk3ð0Þsjp⃗−k⃗1−k⃗2jðτ2Þsjp⃗−k⃗1−k⃗2jðτ3ÞIm½πk4ðτ1Þπ

k4
ð0Þsjp⃗þk⃗4jðτ1Þsjp⃗þk⃗4jÞðτ2Þspðτ1Þs

pðτ4Þ
þ Im½π0k1ðτ4Þπk1ð0ÞIm½π0k2ðτ3Þπk2ðτ3Þsjp⃗−k⃗2jðτ3Þsjp⃗−k⃗2jðτ4Þ
× Im½π0k3ðτ2Þπk3ð0Þsjp⃗−k⃗1−k⃗2jðτ2Þsjp⃗−k⃗1−k⃗2jðτ4ÞIm½πk4ðτ1Þπ

k4
ð0Þsjp⃗þk⃗4jðτ1Þsjp⃗þk⃗4jÞðτ2Þspðτ1Þs

pðτ3Þ
þ Im½π0k1ðτ4Þπk1ð0ÞIm½π0k3ðτ2Þπk3ð0Þsjp⃗þk⃗2þk⃗4jðτ2Þsjp⃗þk⃗2þk⃗4jðτ3Þsjp⃗−k⃗1jðτ2Þs

jp⃗−k⃗1j
ðτ4Þ
× Im½π0k2ðτ3Þπk1ð0ÞIm½π0k4ðτ1Þπk4ð0Þsjp⃗þk⃗4jðτ1Þsjp⃗þk⃗4jðτ3Þspðτ1Þs

pðτ4Þg
þ perðk1; k2; k3; k4Þ: ðB12Þ
Just like in the case of the three-point correlation function of ζ, all of the τi integrals are mainly supported in the infrared
region. Therefore, to get the leading contribution one can again Laurent expand the mode functions of π and s and collect
the leading terms. Following the notation in Eq. (A12), we have to the leading order
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Bζ ≃
π4H8ja0j8
256Λ8
Z
d3p
ð2πÞ3

1
p3−2νjp⃗− k⃗1j3−2νjp⃗− k⃗1 − k⃗2j3−2νjp⃗þ k⃗4j3−2ν
×
Z
0
−Λð1Þ
4
dτ4
ð−τ4Þ1−2ν
Z
τ4
−Λð1Þ
3
dτ3
ð−τ3Þ1−2ν
Z
τ3
−Λð1Þ
2
dτ2
ð−τ2Þ1−2ν
Z
τ2
−Λð1Þ
1
dτ1
ð−τ1Þ1−2ν
þ 1
p3−2νjp⃗− k⃗2j3−2νjp⃗− k⃗1 − k⃗2j3−2νjp⃗þ k⃗4j3−2ν
×
Z
0
−Λð2Þ
4
dτ4
ð−τ4Þ1−2ν
Z
τ4
−Λð2Þ
3
dτ3
ð−τ3Þ1−2ν
Z
τ3
−Λð2Þ
2
dτ2
ð−τ2Þ1−2ν
Z
τ2
−Λð2Þ
1
dτ1
ð−τ1Þ1−2ν
þ 1
p3−2νjp⃗− k⃗1j3−2νjp⃗þ k⃗2 þ k⃗4j3−2νjp⃗þ k⃗4j3−2ν
×
Z
0
−Λð3Þ
4
dτ4
ð−τ4Þ1−2ν
Z
τ4
−Λð3Þ
3
dτ3
ð−τ3Þ1−2ν
Z
τ3
−Λð3Þ
2
dτ2
ð−τ2Þ1−2ν
Z
τ2
−Λð3Þ
1
dτ1
ð−τ1Þ1−2ν

þ perðk1; k2; k3; k4Þ;
¼ π
4H8ja0j8
256Λ8

1
2ν

4
Z
d3p
ð2πÞ3

IðΛð1Þ1 ;Λð1Þ2 ;Λð1Þ3 ;Λð1Þ4 Þ
p3−2νjp⃗− k⃗1j3−2νjp⃗− k⃗1 − k⃗2j3−2νjp⃗þ k⃗4j3−2ν
þ IðΛ
ð2Þ
1 ;Λ
ð2Þ
2 ;Λ
ð2Þ
3 ;Λ
ð2Þ
4 Þ
p3−2νjp⃗− k⃗2j3−2νjp⃗− k⃗1 − k⃗2j3−2νjp⃗þ k⃗4j3−2ν
þ IðΛ
ð3Þ
1 ;Λ
ð3Þ
2 ;Λ
ð3Þ
3 ;Λ
ð3Þ
4 Þ
p3−2νjp⃗− k⃗1j3−2νjp⃗þ k⃗2 þ k⃗4j3−2νjp⃗þ k⃗4j3−2ν

þ perðk1; k2; k3; k4Þ: ðB13Þ
The UV cutoffs ΛðjÞi can be directly read off from Eq. (B12),
Λð1Þ1 ¼ minðk−14 ; p−1; jp⃗þ k⃗4j−1Þ; Λð1Þ2 ¼ minðk−13 ; jp⃗ − k⃗1 − k⃗2j−1; jp⃗þ k⃗4j−1Þ;
Λð1Þ3 ¼ minðk−12 ; jp⃗ − k⃗1j−1; jp⃗ − k⃗1 − k⃗2jÞ; Λð1Þ4 ¼ minðk1; jp⃗ − k⃗1j−1; p−1Þ;
Λð2Þ1 ¼ minðk−14 ; p−1; jp⃗þ k⃗4j−1Þ; Λð2Þ2 ¼ minðk−13 ; jp⃗ − k⃗1 − k⃗2j−1; jp⃗þ k⃗4j−1Þ;
Λð2Þ3 ¼ minðk−12 ; jp⃗ − k⃗2j−1; p−1Þ; Λð2Þ4 ¼ minðk1; jp⃗ − k⃗2j−1; jp⃗ − k⃗1 − k⃗2j−1Þ;
Λð3Þ1 ¼ minðk−14 ; p−1; jp⃗þ k⃗4j−1Þ; Λð3Þ2 ¼ minðk−13 ; jp⃗þ k⃗2 þ k⃗4j−1; jp⃗ − k⃗1j−1Þ;
Λð3Þ3 ¼ minðk−12 ; jp⃗þ k⃗4j−1; jp⃗þ k⃗2 þ k⃗4jÞ; Λð3Þ4 ¼ minðk1; jp⃗ − k⃗1j; p−1Þ; ðB14Þ
and
IðΛ1;Λ2;Λ3;Λ4Þ ¼ −
1
2
Λ4ν123Λ2ν1234Λ2ν1 þ
1
6
Λ6ν1234Λ2ν1 −
1
2
Λ4ν12Λ2ν123Λ2ν1234 þ ðΛ1Λ12Λ123Λ1234Þ2ν
þ 1
6
Λ6ν123Λ2ν1234 −
1
2
ðΛ2ν1 Λ2ν12Λ4ν1234Þ þ
1
4
Λ4ν12Λ4ν1234 −
1
24
Λ8ν1234: ðB15Þ
The definitions of ΛðiÞ12 , Λ
ðiÞ
123, and Λ
ðiÞ
1234 are as in Eq. (A17). Similarly to the calculation of the trispectrum, one can capture
the dominant contribution of the p integral. This gives Eq. (3.4) as the leading-order result for the trispectrum with a general
wave vector configuration.
APPENDIX C: ONE-LOOP CORRECTION TO THE TWO-POINT FUNCTION OF ζ
The Feynman diagrams contributing to the one-loop correction to the two-point function of ζ are shown in Fig. 5.
Similarly to the cases of the three- and four-point functions, the contribution from Fig. 5(a) dominates. Its contribution can
be written as
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AðaÞ2 ðx⃗1− x⃗2Þ
¼− 1
4H4Λ˙4
Z
0
−∞
dτ2
τ32
Z
τ2
−∞
dτ1
τ31
Z
d3y1
Z
d3y2× h½π0ðτ1; y⃗1Þs2ðτ1; y⃗1Þ; ½π0ðτ2; y⃗2Þs2ðτ2; y⃗2Þ;πð0; x⃗1Þπð0; x⃗2Þi
¼− 1
4H4Λ˙4
Z
0
−∞
dτ2
τ32
Z
τ2
−∞
dτ1
τ31
Z
d3y1
Z
d3y2× ðh½π0ðτ1; y⃗1Þs2ðτ1; y⃗1Þ;s2ðτ2; y⃗2Þπð0; x⃗2Þih½π0ðτ2; y⃗2Þ;πð0; x⃗1Þþðx1↔ x2ÞÞ
¼− 1
4H4Λ˙4
Z
0
−∞
dτ2
τ32
Z
τ2
−∞
dτ1
τ31
Z
d3y1
Z
d3y2× ð−8ÞðImhπ0ðτ2; y⃗2Þπð0; x⃗2Þi
×Im½hπ0ðτ1; y⃗1Þπð0; x⃗1Þihsðτ1; y⃗1Þsðτ2; y⃗2Þi2þðx1↔ x2ÞÞ
≈
π2H4ja0j4
16Λ4
Z
d3k
ð2πÞ3
1
k2
cos½k⃗ · ðx⃗1− x⃗2Þ
Z
0
−∞
dτ2
τ32
Z
τ2
−∞
dτ1
τ31
d3p
ð2πÞ3× ð−τ1Þ
1þ2νð−τ2Þ1þ2ν sinðkτ1Þsinðkτ2Þ
1
p3−2νjk⃗− p⃗j3−2ν
¼ H
4ja0j4
256ν3Λ4
Z
d3k
ð2πÞ3
1
k3
eik⃗·ðx⃗1−x⃗2Þ: ðC1Þ
From this one can read off the correction to the curvature perturbation,
δΔ2ζ ¼
H4ja0j4
512π2ν3Λ4
: ðC2Þ
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FIG. 5. One-loop diagrams for two-point functions of π.
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